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Heron Caldas1, ∗
1Departamento de Cieˆncias Naturais, Universidade Federal de Sa˜o Joa˜o del Rei,
36301-160, Sa˜o Joa˜o del Rei, MG, Brazil
Relativistic fermionic systems have physical quantities calculated by well stablished quantum elec-
trodynamic prescriptions. In the last few years there has been an enormous interest in condensed
matter systems in which the fermions exhibit relativistic dispersion, as Dirac fermions in graphene.
We employ a non-perturbative method in order to obtain a non-perturbative correction to the quasi-
particle velocity in graphene, and compare with the experimental data. We find a better agreement
between the quasiparticle velocity corrected with non-perturbative corrections and measurements,
when compared with the standard one-loop result. We also investigate the behavior of the beta
function of the renormalization group theory, and find that the non-perturbative corrections do not
alter the stability of the infrared fixed point found by the standard result.
PACS numbers: 11.10.Kk,12.20.-m,68.65.Pq
I. INTRODUCTION
In condensed matter (CM) bare electrons are dressed
with interactions with the many-body system, forming
a “quasiparticle” [1]. A very interesting CM quasiparti-
cle example happens in graphene, a promising material
with extraordinary electrical, thermal and optical prop-
erties [2–8]. In graphene charge carriers behave like mass-
less relativistic particles with a conical energy spectrum
E = h¯vFk, where h¯ is the Planck’s constant divided by
2π, vF is the Fermi velocity, which plays the role of the
effective speed of light and k is the wave vector. Electron-
electron interactions in graphene lead to a logarithmically
divergent correction to the Fermi velocity [9].
As is well known, the naive perturbative expansion in
powers of the coupling constant breaks down in some sit-
uations as, for instance, in theories with spontaneously
broken symmetries requiring non-perturbative resumma-
tion schemes to obtain reliable results [10–12]. A second
case happens in asymptotically free theories where one is
not always able to do perturbation theory, since the cou-
pling depends on the energy scale, and at low energies
the interaction becomes strong [13]. Finally, another ex-
ample which is directly related with this work is the diffi-
culty in conciliate the expansion of quasiparticle velocity
vF (k) in powers of α, the effective fine structure constant
for graphene (since α = e2/h¯κvF ≃ 2.2 i.e., it is greater
than unity), with the experimental results [14]. Here
κ is the dielectric constant arising from the surround-
ing medium. α = 2.2 is the maximum allowed value of
the bare coupling strength in graphene. This value is
found with κ = 1 which is for graphene in vacuum, and
corresponds, therefore, to the most strongly interacting
graphene system [15].
As pointed out in Ref. [16], experiments detect a quasi-
particle velocity enhancement close to the Dirac point,
as reported by Elias et al. [9], who observed a quasi-
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particle velocity enhancement on free-standing graphene,
while perturbative renormalization group to second or-
der shows that an unphysical fixed point in the Fermi
velocity beta function appears at a critical coupling of
α∗ = 0.78 [15], indicating a decrease in the quasiparti-
cle (Fermi) velocity vF (k) at low density for suspended
graphene.
Motivated by these examples, in this work we inves-
tigate the effects of non-perturbative corrections to the
quasiparticle velocity in a two-dimensional Dirac system.
Our main goal is to calculate the zero temperature elec-
tron self-energy correction to the quasiparticle velocity
vF in graphene in 2D (two space dimensions). We find
that the second-order (in the non-perturbative calcula-
tions) results agree better with the experimental mea-
surements than the standard (purely one-loop) result.
This paper is organized as follows. In section II we cal-
culate the corrections to the Fermi velocity of relativistic-
like quasiparticles in 2D. In this section we also study
the behavior of the beta function of the renormalization
group theory, and find that the non-perturbative correc-
tions do not modify the stability of the infrared fixed
point found by the standard (one-loop) result. We con-
clude in section III.
II. THE NON-PERTURBATIVE FERMION
SELF-ENERGY: THE MSCR
As discussed at the Introduction, it is of great im-
portance the development of (alternative) theoretical
methodologies, as non-perturbative calculations, that al-
low the obtention of physical quantities, principally in
the situations where perturbation theory ceases to work
or are not applicable.
Here we apply the Modified Self-Consistent Resum-
mation (MSCR) procedure in order to implement a re-
summation of infinity sub-set of diagrams [17–19]. The
method consists in calculating the quasiparticle effective
mass through consecutive iterations, assuring the mass
renormalization in each step.
2The divergences from the integrals computed in a
present step are exactly canceled by the counter-terms
that are necessary to be introduced at the previous order
of the recalculation (resummation) of the self-energy to
carry the renormalization. This renormalization method
has been developed, originally in the context of low en-
ergy quantum chromodynamics (QCD), in Refs. [17–19]
for the resummation method employed here and has been
given the name MSCR. For the purposes of this work, we
initially concentrate on the full expression for vF (k) and
refer the reader to the above cited works for a detailed
treatment of the renormalization procedure.
1. Renormalization of the Quasiparticle Velocity in
Graphene
Graphene is a material made of a one-atom-thick sheet
of carbon, being a system where the electrons have coni-
cal valence and conduction bands, therefore behaving as
massless Dirac fermions at low energies [2–4]. Regard-
ing the electron interactions in graphene, the ratio of
the strength of the Coulombic interactions to the anal-
ogous quantity in QED is αgraphene/αQED ≃ 300 [20].
Because of this graphene can be considered a strong-
coupling massless QED in a plane [5].
To calculate the one-loop renormalization of the Fermi
velocity we follow closely Ref. [15], which works with the
Euclidean action,
S=−
N∑
a=1
∫
dtd2x(ψ¯aγ
0∂0ψa+vF ψ¯aγ
i∂iψa+A0ψ¯aγ
0ψa)
+
1
2g2
∫
dtd3x(∂iA0)
2. (1)
The action S above was first used in Ref. [21] to de-
scribe 2 + 1 dimensional four-component massless Dirac
fermions interacting through a 3 dimensional instanta-
neous Coulomb interaction. In Eq. (1), vF ≈ c/300 is
the bare Fermi velocity of the Dirac quasiparticles in
graphene. The fields ψ¯a are four-component fermion
fields describing electrons and holes, with a labeling the
fermion species. The number of species, N , is equal to
2 in real graphene, corresponding to the spin degener-
acy. The γ’s are Dirac matrices satisfying the Euclidean
Clifford algebra, {γµ, γν} = 2δµν , which can be chosen
as
γ0 = σ3 ⊗ σ3, γ
i = σi ⊗ I, (2)
where the σi are Pauli matrices.
The coupling g2 is given by
g2 =
2
1 + ǫ
e2
ǫ0
=
4πe2
κ
, (3)
where e is the electric charge, ǫ0 is the vacuum perme-
ability, and ǫ and κ are two different definitions of the
dielectric constant of the substrate (SI and cgs units, re-
spectively). Associating these quantities with the Fermi
velocity, one can define,
α ≡
g2
4πvF
=
e2
2π(1 + ǫ)ǫ0vF
=
e2
κvF
. (4)
It is appropriate to make use of the quasirelativistic no-
tation,
/p = γ
0p0 + vF~γ · ~p, p
2 = p20 + v
2
F |~p|
2. (5)
The propagator of a massless free fermion is given by
G0(p) =
i
/p
=
i/p
p2
, (6)
while the effective propagator for the Coulomb interac-
tion reads
D0(p) = g
2
∫
dpz
2π
1
p2z + |~p|
2
=
g2
2|~p|
, (7)
and the interaction vertex is iγ0. Every closed fermion
loop contributes an overall minus sign to the value of the
diagram.
The one-loop diagram has been evaluated several times
in the literature, and following Ref. [15] in Appendix A,
we find
Σ1(q) =
ig2
16π
~q · ~γ log(Λ/|~q|), (8)
where Λ is an ultraviolet cut-off. For the case of
graphene, the physical cut-off is Λ ≈ 1/a, with a being
the graphene lattice constant, and represents the momen-
tum scale up to which the spectrum is Dirac-like [22].
Since the full fermion propagator is given by
G(p) =
i
/p− iΣ(p)
, (9)
the one-loop self-energy leads to a renormalization of the
quasiparticle velocity,
vq ≡ v
∗
F (q)
= vF +
g2
16π
log(Λ/|~q|)
= vF
[
1 +
α
4
log(Λ/|~q|)
]
, (10)
meaning that the quasiparticle velocity increases, since
α > 0 and Λ/|~q| ≫ 1.
With the aid of Eq. (3), and with vq in Eq. (10) an
equation for the coupling as a function of the momentum
and the bare coupling can be obtained
αq
α
=
1
1 + α
4
log(Λ/|~q|)
=
vF
vq
. (11)
3in order to eliminate the arbitrary ultraviolet momentum
cutoff Λ can find [16] expressions akin to those above in
another momentum, say k
αk
α
=
1
1 + α
4
log(Λ/|~k|)
=
vF
vk
. (12)
Instead of defining a velocity ratio as in Ref. [15], which
still depends on Λ through αk (
vq
vk
= 1 + αk
4
log(|~k|/|~q|),
with αk given by Eq. (12)), we define a velocity difference,
which is independent of Λ,
α
αq
−
α
αk
=
vq − vk
vF
=
α
4
log(|~k|/|~q|), (13)
which relates the difference between the physical veloci-
ties at momentum |~q| and |~k|, respectively, with no cutoff
Λ dependence.
2. One-loop Renormalization Group Analysis
Let us now apply renormalization group (RG) theory
by considering the effect of changing the momentum scale
q = |~q| of vq in Eq. (10). From Eq. (13) we can obtain
the beta function for the effective coupling, by means of
the renormalization group equation
β(α¯) = k
∂α¯
∂k
= −
1
4
1(
1
4
log(k/q)
)2 , (14)
where k = |~k|, and from Eq. (13) we have defined 1α¯ ≡
1
αq
− 1αk . Integration of the above β(α¯) equation gives
1
α¯(k)
−
1
α¯(q)
=
1
4
ln
(
k
q
)
, (15)
which shows that the coupling strength α¯(k) decreases
with increasing k.
Notice that from Eq. (14) we have
β(α¯) = −
1
4
α¯2. (16)
This result tells us that a (trivial) fixed point (FP) occurs
at α¯ = α¯c = 0. This FP is stable, since
dβ(α¯)
dα¯
|α¯=α¯c = 0. (17)
This stable FP corresponds to an infrared (IR) point,
since it is reached through the limit q → 0 [22].
In Fig. 1 we show the behavior of the coupling strength
α¯, and the β(α¯) function from Eqs. (15) and (16), re-
spectively, as a function of λ ≡ k/q. Both functions
vanish at the limit λ → ∞. On the other hand, this
also means that the renormalized quasiparticle velocity
v ≡ (vq − vk)/vF ∝ α¯
−1 diverges in this limit. The
renormalized quasiparticle velocity v(α¯) is also shown in
Fig. 1. The functions α(λUV ) and β(α¯(λUV )) diverge at
the ultraviolet point λ = λUV = 1. At this UV point
v is zero. Lastly, at the (unattainable) point λ = 0,
α¯(λ = 0) = β(α¯(λ = 0)) = 0, and v diverges to −∞.
FIG. 1: Behavior of the one-loop coupling strength α¯, the
β(α¯) function and the renormalized Fermi velocity v ∝ 1/α¯,
as a function of λ = k/q.
3. The Non-perturbative Electron Quasiparticle Velocity in
Graphene
We now obtain the non-perturbative corrections to the
renormalization of the quasiparticle velocity we have just
obtained up to second-order in the iterations.
As is well known, owing to the massless character of
electrons in the model described by Eq. (1), it is sensi-
tive to retardation effects of the electromagnetic propa-
gation [23]. In static models like this, with an instanta-
neous photon propagator i.e., corresponding to c = ∞,
the Fermi velocity grows without bound (in opposition to
what happens in the retarded - corresponding to c finite -
model [23]) in the infrared [24]. Thus, the use of the non-
retarded action S (with such an instantaneous long range
Coulomb interaction) in Eq. (1) deserves some comments
on it. As pointed out in Ref. [23], one should not expect
any discrepancy in the computation of local quantities,
i.e., cutoff dependent ones, in a non-retarded and in a re-
tarded model in the limit vF /c → 0. However, different
results should be noticeable in the computation of nonlo-
cal quantities, due to the dissimilar forms of the interac-
tions in the infrared regime [23]. In addition, because of
the mentioned infrared instabilities, perturbation theory
looses its predictive power and other methods (such as
the non-perturbative MSCR) may be employed. There
are some particular cases in which retardation effects are
4not important as, for instance, that of Van der Waals
interactions. In fact, it was demonstrated in Ref. [25]
that retardation effects has little significance in undoped
graphene, for both zero and finite temperature. It is
also worth to mention that in the investigation of finite-
temperature Casimir effects for graphene, the transition
from the retarded regime to a non-retarded one, hap-
pens at separations characterized by a material wave-
length [26].
Proceeding as before, we define v∗F (q) in Eq. (10) as
vF1(q), and obtain Σ2 = Σ2(vF1(q)),
Σ2(vF1(q)) =
iα
4
vF1(q)~q · ~γ log(Λ/|~q|). (18)
Inserting the above equation into Eq. (9), we obtain
vF2(q) = vF + vF1(q)
α
4
log(Λ/|~q|)→
vF2(q)
vF
= 1 +
α
4
log(Λ/|~q|) +
(α
4
)2
[log(Λ/|~q|)]2 ,(19)
where we have made use of Eq. (10). The MSCR is
somewhat very close to the DuBois’s approach, i.e., an
iteration-perturbation method, which generates a series of
iterations [27].
The behavior of vF2 as a function of the density n can
be investigated by noticing that the Fermi momentum
is proportional to the square root of the carrier density,
qF = (πn)
1/2, while the momentum cutoff Λ = (πnc)
1/2,
with a fixed reference density nc = 10
15cm−2 [15]. Then
we find
vF2(n)
vF
= 1 +
α
8
log
(nc
n
)
+
1
4
(α
4
)2 [
log
(nc
n
)]2
.(20)
In order to compare vF2(n) obtained above with the ex-
perimental measurements of the renormalized Fermi ve-
locity for suspended graphene, we employ the same ap-
proximation used in Ref. [9] to take into account the
screening by graphene’s charge carriers. This approach is
implemented by defining an effective screening constant
ǫG such that α → α/ǫG in Eq. (20). The whole range
of n in Ref. [9] had a best fit for ǫG ∼ 3.5. In Fig. 2 we
show vF1(n) and vF2(n) for α = 2.2 and ǫG ∼ 3.5, where
vF1(n) (dashed curve) is the standard one-loop result,
while vF2(n), calculated with the second-order of the it-
eration within MSCR, is the solid curve. vF2(n) shows
a much better agreement (as compared to vF1(n)) with
the experimental data points, obtained in Ref. [9].
Notice that the renormalized Fermi velocity for
graphene deposited on a substrate shows the same (qual-
itative) behavior as for suspende graphene. See, for in-
stance, Ref. [28], where, for graphene on a substrate,
α < 2.2, which corresponds to a dielectric constant
κ > 1 [15].
As pointed out in Ref. [14], it is worth mentioning that
the renormalization of the Fermi velocity has been com-
puted to second-order of perturbation theory (in powers
FIG. 2: Behavior of the Fermi velocity vF1(n), dashed curve,
and vF2(n), solid curve, (plotted in units of 10
6ms−1), as
a function of carrier density n (in units of 1012cm−2). The
experimental data points are taken from Ref. [9].
of the dimensionless interaction constant) and conflicting
results have been found as, for example, in Ref. [29], it
was found
vF (q) = vF
{
1 +
[
g0
4
− g20
(
5
6
− ln 2
)]
log(Λ/|~q|)
}
,(21)
where g0 = e
2/κν0, where κ is the dielectric constant
of a substrate and ν0 is the bare electron velocity, then
g0 = α, and in Ref. [15]
vF (q) = vF
{
1 +
[
α
4
+ α2
(
3 log 2− 4
6
)]
log(Λ/|~q|)
}
.(22)
Actually, the above result is formed by the first term of
a general expression found in Ref. [15]
vF (q)
vF
= 1 +
∞∑
n=1
Fn(α) log
n(Λ/|~q|), (23)
where F1(α) = f1α + f2α
2, with f1 =
1
4
, and f2 =
3 log 2−4
6
. Eq. (23) is an indicative of breakdown of per-
turbation theory.
4. One-loop plus Non-perturbative Corrections
Renormalization Group Analysis
From Eq. (19) we can obtain the momentum-
dependent coupling constant
αq2
α
=
1
1 + α
4
log(Λ/q) +
(
α
4
)2
[log(Λ/q)]
2
. (24)
5The difference of the inverse of the coupling at two dif-
ferent momenta, gives
α
α2q
−
α
α2k
=
vF2(q)− vF2(k)
vF
= (25)
α
4
log(k/q) +
(α
4
)2 [
(log(Λ/q))2 − (log(Λ/k))2
]
.
Defining 1α¯2 ≡
1
α2q
− 1α2k as we did at one-loop, we find
a beta function for the effective coupling
β(α¯2) = k
∂α¯2
∂k
(26)
= −
1
4
[
1 + α
2
log(Λ/k)
]
[
1
4
log(k/q) + α
16
((log(Λ/q))2 − (log(Λ/k))2)
]2
= −
1
4
[
1 +
α
2
log(Λ/k)
]
α¯22.
As happens at one-loop, a fixed point occurs at α¯2 =
α¯2c = 0. Thus, up to second-order of the non-
perturbative iteration we do not find any fixed point
α¯2 6= 0. Again, this is a stable IR-FP, since
dβ(α¯2)
dα¯2
|α¯2=α¯2c = 0. (27)
III. SUMMARY
To summarize, we have investigated the effect of
non-perturbative corrections to the Fermi velocity in
graphene. Interestingly, we find that although the elec-
trons near the Dirac points (i.e., the contact points be-
tween the valence and conduction bands) in graphene
have the well known Dirac dispersion, the evolution of
their coupling with momentum (energy) scale reveals a
behavior of many non-abelian gauge theories, as QCD,
possessing a negative β function. We find that both the
first and second-order results of the non-perturbative cal-
culation shown in Fig. 2 are in qualitative agreement with
the experimental data obtained in Ref. [9]. However, the
second-order result of the non-perturbative calculation is
in quantitative agreement with the measurements of the
Fermi velocity renormalization in suspended graphene,
taken from Ref. [9].
We also investigated the behavior of the β function
of the renormalization group theory, and find that the
non-perturbative corrections do not modify the stability
of the infrared fixed point found by the standard (one-
loop) result.
Our approach might also be useful in the investigation
of various physical quantities, in graphene and other sim-
ilar fermion systems. The study of the non-perturbative
corrections to the effective mass and consequently to the
pairing gap of a 1d fermion system is in progress and will
be presented elsewhere.
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Appendix A: Explicit calculation of the one-loop
electron self-energy in graphene
The one-loop electron self-energy diagram was origi-
nally evaluated in Ref. [23], however, we follow the steps
from Ref. [15]. The diagram is written as
Σ1(q) = −
∫
d3k
(2π)3
γ0G0(k + q)γ
0D0(k)
= −
ig2
2
∫
d3k
(2π)3
γ0
/k + /q
(k + q)2
γ0
1
|~k|
= −
ig2
2
∫
d2k
(2π)2
1
|~k|
γ0K(q,~k)γ0, (A1)
K(q,~k) =
∫
dk0
2π
/k + /q
(k + q)2
=
∫
dk0
2π
[
vF (~k + ~q) · ~γ
k20 + v
2
F |
~k + ~q|2
+
k0γ
0
k20 + v
2
F |
~k + ~q|2
]
=
(~k + ~q) · ~γ
2|~k + ~q|
, (A2)
Σ1(q) =
ig2
4
∫
d2k
(2π)2
1
|~k|
(~k + ~q) · ~γ
|~k + ~q|
. (A3)
In order to perform the remaining integrals, we choose
the coordinate system such that ~q = (|~q|, 0). As in
Ref. [15], we adopt the transformation to elliptical co-
ordinates
kx =
|~q|
2
(coshµ cos ν − 1), ky =
|~q|
2
sinhµ sin ν,
d2k =
|~q|2
4
(cosh2 µ− cos2 ν)dµdν, (A4)
yielding
Σ1(q) =
ig2|~q|
32π2
γ ·
∫ 2pi
0
dν
∫ µmax
0
dµ(1 + cos ν coshµ, sin ν sinhµ).
(A5)
The integral has been regulated by including the cutoff,
µmax. We would like to relate this cutoff to a more phys-
ical cutoff on the momentum: Λ ≥ |~k|. The mapping to
elliptical coordinates given above implies
|~k| =
|~q|
2
(coshµ− cos ν), (A6)
6so that
Λ =
|~q|
2
(coshµmax − cos ν)
⇒ µmax = cosh
−1
(
2Λ
|~q|
+ cos ν
)
. (A7)
The three integrals in (A5) then evaluate to
∫ 2pi
0
dν
∫ µmax
0
dµ =
∫ 2pi
0
dν cosh−1
(
2Λ
|~q|
+cos ν
)
= 2π log(4Λ/|~q|)+O(|~q|2/Λ2),∫ 2pi
0
dν cos ν
∫ µmax
0
dµ coshµ
=
∫ 2pi
0
dν cos ν
√(
2Λ
|~q|
+cos ν
)2
−1 = π+O(|~q|2/Λ2),
∫ 2pi
0
dν sin ν
∫ µmax
0
dµ sinhµ
=
∫ 2pi
0
dν sin ν
(
2Λ
|~q|
+cos ν
)
= 0. (A8)
Plugging these results into (A5), and reverting to a gen-
eral coordinate system, i.e., ~q = (qx, qy), one finally ob-
tains
Σ1(q) =
ig2|~q|
32π2
γ1 [2π log(Λ/|~q|)+4π log 2+π] +O
(
|~q|2
Λ2
)
→
ig2
16π
~q · ~γ [log(Λ/|~q|)+2 log 2+1/2]+O
(
|~q|2
Λ2
)
.
(A9)
Then we have,
Σ1(q) =
ig2
16π
~q · ~γ log(Λ/|~q|), (A10)
which is the self-energy in Eq. (8). In the above equation
the finite part (2 log 2 + 1/2) has been absorbed into a
redefinition of the ultraviolet momentum cutoff Λ.
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